Abstract. Properties of Golden conjugate connections are stated by pointing out their relation to product conjugate connections. We define the analogues in Golden geometry of the structural and the virtual tensors from the almost product geometry and express the Golden conjugate connections in terms of these tensors.
Introduction
Besides the almost complex, almost tangent and almost product structures on a differentiable manifold M there naturally arise some other polynomial structures as C ∞ -tensor fields J of type (1, 1) which are roots of the algebraic equation q(J) := J n + a n J n−1 + · · · + a 2 J + a 1 I X(M ) = 0, where I X(M ) is the identity map on the Lie algebra of vector fields on M . In particular, if the structure polynomial is q(J) = J 2 − J − I X(M ) , its solution J will be called Golden structure [7] . The name is motivated by the fact that the Golden ratio is precisely the positive root of the quadratic equation x 2 − x − 1 = 0 being equal to 1.6180339887.... This equation is usually called the Fibonacci equation, being the characteristic equation associated to the Fibonacci sequence f n+1 = f n + f n−1 , for every integer n ≥ 1, with f 0 = f 1 = 1.
It was mentioned by M. Crasmareanu and C.-E. Hreţcanu [5] , [8] that the Golden structures appear in pairs, namely, if J is a Golden structure on M , then I X(M ) − J is also a Golden structure. Based on these considerations, it is natural to look for a connection between Golden structures and almost product structures. In [5] the same authors proved that any Golden structure induces an almost product structure and any almost product structure determines two Golden structures.
In this setting, we shall study the properties of the conjugate connections (by a Golden structure), express their virtual and structural tensor fields and see their behavior on invariant distributions. Finally, we shall analyze the impact of the duality between the Golden and almost product structures on Golden and product conjugate connections.
Let M be a smooth, n-dimensional manifold and denote by: C ∞ (M )-the algebra of smooth real functions on M , X (M )-the Lie algebra of vector fields on M , T r s (M )-the C ∞ (M )-module of tensor fields of (r, s)-type on M . Usually X, Y , Z, . . . will be vector fields on M and if T → M is a vector bundle over M then Γ(T ) denotes the C ∞ -module of sections of T , e.g. Γ(T M ) = X(M ).
Consider C(M ) the set of all linear connections on M . Since the difference of two linear connections is a tensor field of (1, 2)-type, it follows that C(M ) is a C ∞ (M )-affine module associated with the C ∞ (M )-linear module T 1 2 (M ). Recall the concept of Golden (Riemannian) geometry:
1) where I X(M ) is the identity operator on X(M ). The pair (M, J) is a Golden manifold. Moreover, if a Riemannian metric g on M is compatible with J, that is g(JX, Y ) = g(X, JY ), for any X, Y ∈ X(M ), we call the pair (g, J) a Golden Riemannian structure and (M, g, J) a Golden Riemannian manifold.
It was shown [5] that the powers of J satisfy:
where {f n } n∈N * is the Fibonacci sequence: f 0 = f 1 = 1, f 2 = 2, f 3 = 3 and so on. Considering the inheritance of this kind of structure on submanifolds, Crasmareanu and Hreţcanu proved in [8] that a Golden structure on a Riemannian Golden manifold M induced a Golden structure on every invariant submanifold of M and illustrated this on a product of spheres in a Euclidian space.
Fix now J a Golden structure on M . Then the associated linear connections are:
Definition 0.2. ∇ ∈ C(M ) is a J-connection if J is covariant constant with respect to ∇, namely ∇J = 0. Let C J (M ) be the set of these connections.
The concept of integrability is defined in the classical manner:
Definition 0.3. The Golden structure J is integrable if its Nijenhuis tensor field vanishes, namely
Necessary and sufficient conditions for its integrability were given by A. Gezer, N. Cengiz and A. Salimov in [6] . They also proved that if the LeviCivita connection belongs to C J (M ) then the Golden structure J is integrable.
In order to find a measure of how far away a linear connection is from being in C J (M ) we introduce in the next Section the notion of Golden conjugate connection. The present paper is concerned with the study of these connections and is the third in a series containing [2] and [3] . In fact, it is a natural continuation of [3] since, as we recall in Section 3, there is a strong relationship between Golden structures and almost product structures on M . An important tool in our work is provided by the pair (structural tensor, virtual tensor) defined for the almost product geometry in [3] and is considered here in the last part of Section 1. From an applied point of view we treat, in Section 2, the J-invariant distributions.
Properties of Golden conjugate connection
In what follows, for simplification we will denote by a superscript J the Golden conjugate connection of ∇
. A detailed expression of this connection is:
The first properties of the Golden conjugate connection are stated in the next result: Proposition 1.1. Let J be a Golden structure, ∇ a linear connection and ∇ (J) the Golden conjugate connection of ∇. Then:
is a Golden Riemannian manifold. Then:
This implies that if ∇ is a g-metric connection belonging to C J (M ) then ∇ (J) is also a g-metric connection.
Proof. 1. Observe that:
and the result follows by induction. 2. We have:
Computing ∇ 2(J) J and ∇ 3(J) J we obtain:
and by induction we get the conclusion. 3.
which yields the claimed formula. 
More generally, let f ∈ Dif f (M ) be an automorphism of the G-structure defined by J, i.e.
A natural generalization of the case ∇ ∈ C J (M ) is given by:
and it is a semi-symmetric connection.
Proof. We obtain ∇ (J) = ∇ + η ⊗ J n+1 and T ∇ (J) = η ⊗ J n+1 − J n+1 ⊗ η which express the conclusion. If ∇ is special Golden connection then:
Proof. 1. It is a consequence of Proposition 1.1. 2. A straightforward computation gives:
and the result follows form d ∇ J = 0. Definition 1.5. We say that (g, J, ∇) is special Golden structure if (g, J)
is Golden Riemannian structure and ∇ is special Golden connection. Remark 1.6. If (g, J, ∇) is special Golden structure and
The last subject of this section treats two tensor fields associated with a Golden structure. The paper [3] introduces the structural and virtual tensor fields of an almost product structure. Turning to our framework, let us consider for a pair (∇, J) the tensor fields of (1, 2)-type: 1) the structural tensor field
2) the virtual tensor field
It results that:
Concerning the behavior of ∇ (.) for families of Golden structures, we remark that if J 1 and J 2 are two Golden structures, then: 1) J 1 + J 2 is a Golden structure if and only if J 1 J 2 + J 2 J 1 = −I X(M ) ; in this case:
Invariant distributions
Let D ⊂ T M be a fixed distribution considered as a vector subbundle of T M .
If ∇ is restricted to D then ∇ may be considered as a connection in the vector bundle D. From this fact, in [1] , a connection which restricts to D is called adapted to D. Proof. Fix Y ∈ Γ(D). Then JY ∈ Γ(D) and for any X ∈ Γ(T M ) we have
A more general notion like restricting to a distribution is that of geodesic invariance [4] . The distribution D is ∇-geodesically invariant if for every
The cited book gives a necessary and sufficient condition for a distribution D to be ∇-geodesically invariant: for any X and Y ∈ Γ(D), the symmetric product X : Y := ∇ X Y + ∇ Y X to belong to Γ(D) or equivalently, for any X ∈ Γ(D) to have ∇ X X ∈ Γ(D).
The following result is a direct consequence of definitions:
Proposition 2.3. If the distribution D is J-invariant and the linear connection ∇ is restricted to D then D is geodesically invariant for ∇ (J) .
On the duality of Golden and product conjugate connections
In [5] Crasmareanu and Hreţcanu proved that any Golden structure J induces an almost product structure [9] :
and any almost product structure E determines two Golden structures:
Then ∇E = 2 √ 5 ∇J and respectively ∇J ± = ± √ 5 2 ∇E. Hence, ∇ is a J-connection if and only if ∇ is an E-connection.
We are interested in finding the connection between the conjugate connections associated to them. Proposition 3.1.
i) If J is a Golden structure on M and E is the almost product structure given by (3.1) then 4∇ (J) − 5∇ (E) + ∇ = 2∇J. ii) If E is an almost product structure on M and J ± are the Golden structures given by (3.2) then 4∇ (J ± ) − 5∇ (E) + ∇ = ± √ 5∇E.
iii) In each of the previous cases we have (∇ (J) ) (E) = (∇ (E) ) (J) .
